A characterization of restricted left invertible Toeplitz operators on multiply connected domains is given. To prove this, some extension theorems are given.
Introduction.
Let 0 be a bounded connected open subset of the plane whose boundary T consists of finitely many disjoint analytic Jordan curves. We denote by H°°(Q) the space of bounded holomorphic functions on fi. In [1] , Abrahamse studied Toeplitz operators on fl and gave a left invertibility criterion for Toeplitz operators in a generalized sense. In [3] , Clancey and Gosselin studied local properties of Toeplitz operators on the unit open disk and gave a characterization of restricted left invertible Toeplitz operators with the help of Younis' extension theorem [7] .
In this paper, we will extend the Clancey-Gosselin-Younis theorem to multiply connected domains ( §3). To prove this, we need some extension theorems as in [7, 8] . Since B°°(n) is not a strongly logmodular algebra, here we cannot use the Younis extension theorems. We will give more general extension theorems ( §2).
Extension theorems.
Let A be a function algebra on X. Throughout this section, we assume that X is a totally disconnected compact Hausdorff space. A closed subset F of X will be called a peak set for A if there is a function / in A, which is called a peaking function for E, such that / = 1 on F and |/| < 1 on X\E. A subset S of X is called a weak peak set for A if it is an intersection of some peak sets. We consider the following separation condition. PROOF. We may assume that / vanishes somewhere on X. Take an open and closed subset U of X such that S C U, \f\ > 0 on U, and (1) l/l < 1 on X\U.
Put c = inf{|/(x)|; x G U}. Then c > 0. Since S is a weak peak set, there is a peak set F for A with S C F C U [5, p. 56] . Let h G A be a peaking function for F.
Replacing h by high powers of h, we may assume (2) \h\ < 1/2 on X\U.
By our separation condition, there is a function G in A such that (3) \G\ < c/3 on U and \G\ > 3 on X\U.
Put F = / + G(l -h). Clearly F G A and F = / on S. For x G U, by (3) we have
For x G X\U, by (1), (2), and (3) we have
Thus |F| > 0 on X. REMARK 1. Let A be a strongly logmodular algebra on a totally disconnected compact space X, that is, log |A_1| = CR(X), where A-1 denotes the set of invertible elements in A and CR(X) denotes the space of real continuous functions on X.
Then A satisfies (#).
REMARK 2. For a general function algebra A, the assertion of Theorem 1 is not true. Put X = {(z, t); z is a complex number and t is a real number with |z| = 1 -|£| and |i| < 1}. Let A = {g G C(X); for each t with |i| < 1, g(z,t) has a continuous holomorphic extension to {\z\ < 1 -|i|}}. Then S = {(z,0); \z\ = 1} is a peak set for A. Put f(z,t) = (1 -\t\)z. Then f G A and |/| > 0 on S, but it is easy to see that there is no F G A with F = / on S and |F| > 0 on X.
For a weak peak set S, put As = {f G C(X); f\S G A\S}. Then As is a closed subalgebra of G(X). THEOREM 2. Suppose that A satisfies separation condition (#). Let S be a weak peak set for A, and let u be a function in C(X) such that \\u\\ = 1, \u\ = 1 on S, and d(u, As) < 1. Then there is a function ü in C(X) such that \ü\ = \u\ on X, ü = u on S, and d(ü, A) < 1.
PROOF. Since d(u, As) < 1, there exists a function / in A such that \\u-f\\s < 1. Since |tt| -1 on S, \f\ > 0 on S. By Theorem 1, there is a function F in A such that F -f on S, and (1) |F| > 0 on X.
Since ||u -F||s = ||u -f\\s < 1, there is an open and closed subset U of X such that S C U and
Since 5 is a weak peak set, there is a peak set E for A such that S C F c U. Let h G A be a peaking function for E. Replacing h by high powers of (1 + h)/2, we may assume that \h\ F\h\ \u-
Thus we get ||« -hF\\v < 1, hence ||û -hF\\ < 1.
If A is a strongly logmodular algebra, then As, where 5 is a weak peak set for A, is generated by A and {/_1; / G A n Ag1} [2] . Younis used this property to prove his theorem [8, Theorem 3.1] . So the following theorem is another generalization of [8, Theorem 3.1]. THEOREM 3. Suppose that A satisfies separation condition (#). Let S be a weak peak set for A such that As is generated by A and {/_1; / G A n Ag }. If u is a function in C(X) with \\u\\ < 1 and d(u,As) < 1, then there exists a function « in C(X) such that |«| = |u| on X, ü -u on S, and d(ù,A) < 1.
NOTE. We do not assume |«| -1 on S. PROOF. By our assumption, there exist functions g in A and / in An Ag1 such that (1) f-'oW < i. (ii) d(ib,H°°(Ü)) < 1.
We note that by his proof, (i) =>■ (ii) is true for every %b € L°°(m) with \\ib\\ < 1.
Let X be the maximal ideal space of L°°(m). Then X is a totally disconnected compact Hausdorff space [4, p. 190] . Identifying a function in L°°(m) with its Gelfand transform, we have L°°(m) = C(X). We may consider B°°(fi) as a function algebra on X [4, p. 123]. Let 5 be a weak peak subset of X for H°°(Q). A family of Toeplitz operators T,/,, i> G G(X), is called 5-restricted left invertible if there is a function \P in C(X) such that # = tp on S and T* is left invertible. In the case that Í1 is the open unit disk, Clancey-Gosselin-Younis [3, 7] gave a characterization of 5-restricted left invertible Toeplitz operators as follows: If |^| = 1 a.e. dm, then the Toeplitz operator T^ is 5-restricted left invertible if and only if dfyjHg^) < 1. We shall give a generalization of the above theorem to multiply connected domains as an application of §2.
=WÂ\\LuiFd"
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use THEOREM 5. Let S be a weak peak subset of X for H°° (Ü). Let tp be a function in C(X) with \ib\ -1 on S. Then the following conditions are equivalent (i) T^, is S -restricted left invertible.
(ii)d(rb,H°°(n)s)<l.
PROOF, (ii) => (i) Since X is totally disconnected, we may assume that \ip\ = 1 on X. We note that A -B°°(fi) satisfies separation condition (#) in §2 [5, (1) h=lonS, H*fc||<i, and W>0onX.
To prove this, put The last inequality follows from ((t + 2)/3)N < t for 1/2 < t < 1 and N > 4. Thus ||f/i|| < 1 and we get (1) .
We put $ = $/i£ L°°(m). By (1),
||$|| < 1 and $ = t/> on 5.
Also we have that 7$ is left invertible. To see this, let M be a simply invariant subspace of L2(m). Since h G H°°(U) and \h\ > 0 on X, T^1 is left invertible.
Since T* is left invertible, T^1 = T^T^ is left invertible, so 7$ is left invertible. As noted after Theorem 4, we get d($,H°°(n)) < ||$|| < 1. Hence d(ib, H°°(íí)s) = d(9, H°°(U)s) by (5) <d(*,/f°°(n)) < i.
This completes the proof.
